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Abstract

This study is based on ranked set sampling (RSS) with nonparametric stratum variance estimation. To
select an extensive number of respondents from the intended audience, RSS uses incorrect rankings for the
relevant variable. The sample obtained, which consists of different judgement order statistics, reflects a
stratified random sample. Utilizing an updated kernel estimate of distribution function, we modify the
previous estimator. Through simulation, the performance of the designed estimator is evaluated and its
consistency is shown. It indicates that, under the assumption of perfect or nearly perfect ranking, our
approach can be significantly more effective than existing estimators.

Keywords: Ranked Set Sampling, Nonparametric Distribution Function, Estimation of Variance, Kernel
Functions, Bandwidth Selectors.

Introduction

When perfect measurement of an observation is difficult or expensive, RSS is a smart data collection
technique that is implemented in a wide range of study fields, including ecology, bioinformatics, and the
environment. In this method, random sets are chosen from a population, and the units in the sets are ranked
using a ranking process that is based on a visual inspection. For example, if we were to determine the
average height of trees in a forest, we could easily rank a few nearby trees according to their height, but it
would be challenging to really measure an enormous tree. As a second example, suppose we wanted to
estimate the mean pasture yield of a field, but measuring the yield would require mowing and weighing,
which would take time, whereas a trained eye might be able to rank a small number of such fields
accurately with respect to this characteristic without measurement.
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The RSS method, first introduced by Mclintyre in (1952), makes use of ranking information to provide
more accurate statistical inference than simple random sampling (SRS). The following are the steps for
sampling in RSS. First, k2 units from the population are selected, after that it is split into k samples of size
k and ranked in increasing order of magnitude (by visual inspection rather than actual measurement). The
observation with rank r from the r¢* sample is then chosen for measurement, where r = 1, ..., k. This
procedure is carried out n times to produce a ranked set sample of measured units with size m = nk.

There has been extensive research on RSS, such as mean estimates (Frey, 2012) and (Mahdizadeh &
Zamanzade, 2018c), measuring the distribution function (Frey, 2014), (Mahdizadeh & Strzalkowska-
Kominiak, 2017), (Mahdizadeh & Zamanzade, 2018b) and (Mahdizadeh & Zamanzade, 2018a) developed
a reliability estimation, (Mahdizadeh & Zamanzade, 2022) provides interval estimation. (Wolfe, 2012)
provides an excellent review of the prior literature on RSS and its variation. An important subject in RSS,
(Chen & Lim, 2011) focused on evaluating the judgement order-statistics variances. A new estimator for
stratum variances in RSS was released by (Mahdizadeh & Zamanzade, 2021).

The rest of the article is organized in the following major sections. In section 2, introduce our new
estimates of stratum variance and consistency of the updated estimator is also displayed. Results of
numerical studies conducted to compare the suggested estimator with competitors in the literature are
presented in section 3. In section 4, some final observations are given.

Proposed Work

Consider Xpq;:r =1,..,k:i =1,..,n represent a ranked set sample of size m = nk taken from the
population with cumulative distribution function (CDF) F(x). The terms p,; and 0[2}]1 respectively, stand
for the mean as well as the variance of X[,.j;. The sample variability of the observations with the judgement
rank r is a simple, unbiased, and reliable estimate of a[zr], which is described below

2 1 " 7 12
Sir = Z 1{X[r]i - X} @
i=

n—1

where Xj,; = XL, X /n. Nevertheless, there are two limitations when adopting this estimator. It is
unable to utilize all the data across multiple ranking sets in an efficient manner. Furthermore, it swings
heavily in small sample sizes, particularly when the set size is big. In the beginning, (Chen & Lim, 2011)
offered an unique method for estimating a[zr]. In a perfect ranking structure it can be presented Fp,j(x) =

Iry(r,k —r + 1) where Iy(a,b) = B(;b) J§ w1 = w)®~du with B(a, b) indicating beta function. It

is commonly acknowledged that smooth CDF estimators may perform superior than empirical estimators in
terms of asymptotic mean squared error. In response to this finding, we create a new cr[zr] that includes a
smooth estimator of F(x). The kernel estimator of F(.) based on the RSS approach was presented by
(Eftekharian & Razmkhah, 2017) is given by

=13 ST ey

where the smooth parameter h is also referred to as the bandwidth, and the kernel function K(.) is a
symmetric PDF. It is presumed that h — 0 and mh — oo, as m — oo.
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After (Chen & Lim, 2011), we achieve at ﬁ[f](x) =lzu(r k —r+ 1), as a new estimator of F,(x).
Similarly, af;; is computed by

PGy = f (x = A ?dF) () ®)

where fi,q is estimate of p,. Utilizing the isotonic regression (IR) estimate is a wise decision because of
its optimal properties.

The population CDF and associated kernel estimator have to fulfil the following conditions;
B1: F(x) is Hélder continuous, and F"(x) also continuous.
B2: The kernel K(.) has bounded support.

B3: h — 0 and m/*h — o0, asm — .

Assume that B1 — B3 are truthful and the perfect ranking is taken into consideration. Under the
assumptions;

(m)*/? (f(x) - T(x)) have identical asymptotic distribution as (m)*/2(F(x) — F(x)). Therefore, when
m approaches infinity, we have

()2 (F(x) = F(x)) > N(0,0%(x)) @)

where g2(x) = Z’f:ﬂ’[r] (x) (1 = Fn (x)) /k. In the perfect ranking situation, it is clear to observe that

(m)/2 (;ﬁ[f] (x) = Fiy (x)) = (m)/? (Hr (f"(x)) - Hr(?-"(x))) ©)
2 () = Fi 09) = (/) H(F@) Y (F) - F ) ©

where H;(T(x))=(Beta(r,k—r+1))_1T(x)r‘1(1—T(x))k_r. Utilizing delta method on (4)
produces

)2 (700 = Fin @) = V(0,97 () "

2 ~
where @?(x) = (H;(T(x))) o?(x)/k. Note that the choice of F(x) effects o%(x). When /i, consistent
estimates of 1, we are able to write

Pl — ofn = f(x — upn)d (T:[f] () = Fpyy (x)) — () = 1) ®)

In terms of probability, the right-hand side of the abovementioned equation converges to O, if the
expectation of |X[r]|2+y is bounded for some y > 0.
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Numerical Study

In this part, we employ numerical analysis to examine the effectiveness of the suggested estimator of a[zr].
We compare our recommended estimator with its leading competitors, namely:

A plug_in estimator of F;(x) was created by (Chen & Lim, 2011), which has the form f[’;ﬁ(x) =
Iz (r, k — 7 + 1), where

_ 1k o
T(X) = EZT=1ZL-=11(X[T” < X) (9)

is empirical estimate of F(x) in the RSS model examined by (Stokes & Sager, 1988). Therefore, the
estimator of a[zr] may be derived as

why = [ = a0 (10)

where £, is an IR estimator which represents an estimate of ;.

(Gulati, 2004) developed a CDF kernel estimator for RSS, which carries the form
Fiq(x) = I (r, k —r + 1), where

#0252, 2, K ) a

where the kernel function K (.) is a symmetric PDF and the smoothing component h is also known as the
bandwidth. It was supposed that h — 0 and mh — o, as m — . In the same way, a[zr] has been
determined by

W) = [ G = i d i) (12

Where £, is again the IR.

Since, s[zr] is considered the reference estimator and the relative efficiency (RE) is expressed as

B var(s§;) (13)
~ MSE(U)
where U may correspond to wf,;, W7 or Pj;. We note that, when compared to other estimators, sf.; is
unbiased. We generate samples adopting three different distributions: the standard uniform
distribution U(0,1), the standard normal distribution N(0,1), and the standard exponential distribution
E(1). Furthermore, values of RE were calculated for each combination of m € {15,30,45} and k € {3,5}
on the basis of 10,000 samples.
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The judgement rankings are not entirely error-free in real-world scenarios. By using an appropriate
imperfect ranking model from the literature, this can be successfully taken into consideration. Here, we
concentrate on the fraction of random ranks model, which was employed by (Frey et al., 2007). It indicates
that

Fr(x) = 9F ey (x) + (1 = 9)F(x) (14

where F(,(x) is the CDF of the true rt" order statistic in a size k arbitrary sample from F(x). 9 = 0
translates into a situation where the ranks are entirely random. When 9 = 1, the ranking structure is perfect.
In order to incorporate perfect and moderate ranking in our investigation, we choose 9 € {0.5,1}.

For the purpose of computing F(x), P[ZT] requires selecting a kernel function. The normal and epanechnikov
kernels are used for this purpose. The correct bandwidth selection plays an important role when under or
over-smoothing can significantly degrade precision. Two techniques of the bandwidth selection—plug_in
bandwidth developed by (Altman & Leger, 1995) and plug_in bandwidth provided by (Polansky & Baker,
2000)—were compared for each of the two kernel functions. These techniques will be known as AL and
PB, respectively. Using the kerdiest package, which was designed for R statistical software, they may be
quickly implemented in SRS (Additional information is available in (Quintela-del-Rio & Estevez-Perez,
2012)). We merely handle data as though it were gathered by SRS in RSS circumstances.

Tables 1-12 illustrate the predicted RE values under various conditions, where entries correspond to w[zr]
are displayed in rows with Pl label. Similarly, v; and p; (i = 1,2) labels, which correspond to values for
W[Zr] and P[zr] based on the classical and epanechnikov kernels, respectively. Subscripts 1 and 2 in this
notation denote the normal and epanechnikov kernel approaches, respectively.

Table 1: Estimated values of RE through PB for N(0,1) when 9 = 0.5

m Estimator k=3 k=5
o) o) o) of) o) o) o) o)
15 PI 4.122 4408 | 4.424 | 5.002 5.615 5.560 4.906 4.169
vl 2.005 2.885 | 2.544 | 3.187 2.772 2.552 3.533 2.597
v2 2.479 2.705 | 2.085 2.993 2.391 2.144 3.399 2.340
pl 4.207 4401 | 4.416 6.253 6.873 4,735 5.256 4.283
p2 4.343 4502 | 4.339 6.159 6.753 5.024 5.174 4.343
30 Pl 2.066 2.245 1.718 2.910 3.830 2.968 2.878 2.363
vl 1.985 1.787 1.745 2.234 1.572 1.594 2.081 1.718
v2 1.972 1.784 1.769 1.885 1.691 1.715 2.033 1.916
pl 2.699 2531 | 2278 | 3.649 4.205 2.685 2.720 2.150
p2 2.849 2.825 | 2.156 | 3.889 3.848 2.296 2.945 2.216
45 Pl 1.971 1.923 1.867 1.944 2.450 1.892 1.714 1.499
vl 1.753 1.676 1.725 1.639 1.100 1.440 1.660 1.422
v2 1.088 1.097 1.076 1.274 1.049 1.373 1.641 1.375
pl 1.429 1.580 1.242 2.103 2.739 1.379 1.936 1.802
p2 1.741 1.798 1.762 2.279 2.696 1.871 1.798 1.738
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Table 2: Estimated values of RE through PB for N(0,1) when 9 = 1

m Estimator k=3 k=5
o) o) o) ofi] o) o) Ofay o)
15 PI 3.254 3.786 2.915 2.058 3.424 2.072 2.916 2.711
vl 2.017 2.352 2.271 2.192 2.527 2.219 2.982 2.189
v2 1.816 1.880 1.809 1.991 2.386 2.117 2.760 1.951
pl 3.121 2.945 2.960 2.557 3.265 2.826 3.660 2.870
p2 3.117 2.898 2.968 2.718 4.052 3.374 4.676 2.890
30 PI 2.163 2.651 2.072 2.000 2.858 2.400 2.920 1.355
vl 1.905 1.917 1.909 1.483 1.720 1.685 1.842 1.420
v2 1.332 1.336 1.378 1.466 1.796 1.519 1.997 1.445
pl 2.097 1.933 1.998 2.042 2.598 1.957 2.997 1.995
p2 2.296 1.896 1.946 2.386 2.980 2.842 3.109 2.269
45 PI 1.313 1.294 1.452 1.360 1.452 1.500 1.783 1.104
vl 1.745 1.761 1.709 1.300 1.506 1.247 1.695 1.256
v2 1.286 1.257 1.227 1.075 1.529 1.471 1.797 1.015
pl 1.912 1.526 1.423 1.252 1.694 1.790 2.039 1.752
p2 1.895 1.670 1.683 1.694 2.230 1.821 2.634 1.730
Table 3: Estimated values of RE through AL for N(0,1) whend = 0.5
m Estimator k=3 k=5
o) o) o) o) o) o3 os) o)
15 PI 4122 4.408 4.424 5.002 5.615 5.560 4.906 4.169
vl 1.854 1.857 2.092 3.518 2.717 2.595 3.849 2.028
v2 2.299 2.476 2.011 2.428 2.663 2.013 3.298 2.093
pl 3.784 3.770 3.988 5.945 6.264 4,033 4.840 4,256
p2 4.151 4.433 4.063 5.678 6.720 4,788 5.682 4.660
30 PI 2.066 2.245 1.718 2.910 3.830 2.968 2.878 2.363
vl 1.602 1.615 1.894 2.283 1.312 1.360 2.733 1.362
v2 1.551 1.476 1.440 2.289 1.461 1.479 2.608 1.383
pl 2.733 2.513 2.339 3.252 3.975 2.340 2.761 2.135
p2 2.346 2.976 2.189 3.776 4.339 2.927 3.268 2.040
45 PI 1.971 1.923 1.867 1.944 2.450 1.892 1.714 1.499
vl 1.594 1.508 1.631 1.584 1.130 1.349 1.602 1.446
v2 1.336 1.359 1.304 1.635 1.169 1.244 1.783 1.305
pl 1.814 1.758 1.832 2.089 2.691 1.553 1.911 1.454
p2 1.986 1.919 1.898 2.292 2.972 1.703 2.001 1.431
Table 4. Estimated values of RE through AL for N(0,1) whend9 =1
m Estimator k=3 k=5
o) o) ofs) ofi] o) ofs) ofiy o)
15 PI 3.254 3.786 2.915 2.058 3.424 2.072 2.916 2.711
vl 1.768 1.723 1.854 2.268 2.597 2.297 2.769 2.551
v2 1.735 1.676 1.743 2.069 2.399 2.360 2911 2.431
pl 2.823 2.848 2.965 2.907 5.487 3.454 4.803 3.388
p2 2.818 3.073 2.943 2.567 5.118 3.473 4.227 3.300
30 PI 2.163 2.651 2.072 2.000 2.858 2.400 2.920 1.355
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vl 1.456 1.422 1.423 1.383 1.583 1.399 1.716 1.486
v2 1.354 1.436 1.399 1.441 1.857 1.622 1.987 1.644
pl 1.923 1.855 1.960 2.676 3.870 2.661 3.185 2.110
p2 1.983 2.506 2.283 2.080 3.411 2.962 3.334 2.247

45 PI 1.313 1.294 1.452 1.360 1.452 1.500 1.783 1.104
vl 1.289 1.266 1.232 1.293 1.467 1.316 1.579 1.205
v2 1.356 1.263 1.268 1.212 1.462 1.389 1.734 1.369
pl 1.726 1.585 1.480 1.752 2.872 1.886 2.492 1.605
p2 1.747 2.095 1.843 1.827 2.304 1913 2.446 1.778

Table 5: Estimated values of RE through PB for U(0,1) when 9 = 0.5
m Estimator k=3 k=5
o] o) o) 9 92 o3 ol 95,

15 PI 2.889 7.209 2.409 5.558 2.503 1.120 2.244 4,786
vl 5.488 2.391 1.274 2.597 3.447 4.251 1.129 1.895
v2 1.541 1.908 1.467 4.247 3.231 2.835 1.984 1.407
pl 1.027 6.335 2.162 2.889 1.782 3.743 3.690 5.905
p2 1.457 3.946 3.126 2.490 1.282 6.549 7.396 6.906

30 PI 2.792 3.420 1.728 4.167 2.483 1.603 5.294 7.161
vl 0.533 1.115 1.070 2.531 2.312 2.612 1.109 1.788
v2 1.056 0.898 1.803 3.282 2.451 2.766 0.783 1.292
pl 2.381 4,651 2.231 2.124 1.289 3.346 3.244 5.500
p2 1.114 3.426 2.131 1.448 1.178 3.768 3.018 3.116

45 PI 1.381 1.966 1.063 2.934 1.933 1.219 3.126 5.436
vl 0.413 1.032 0.932 1.974 1.198 1.723 0.771 1.228
v2 0.844 0.845 1.646 2.077 1.093 1.184 0.657 0.886
pl 1.427 3.977 1.879 1.327 1.120 2.345 1.997 3.175
p2 1.037 2.435 1.248 1.226 1.123 1.749 2.751 1.662

Table 6: Estimated values of RE through PB for U(0,1) when 9 =1
m Estimator k=3 k=5
o] o) of3) o o) o) Ofay ofs)

15 PI 2.497 3.242 2.380 5.236 6.586 4.558 5.803 4.699
vl 2.124 3.139 1.230 5.173 6.563 3.594 6.112 4.152
v2 2.240 1.089 1712 5.786 6.901 3.655 6.405 4.215
pl 2.592 2.214 4.298 10.772 12.420 4.622 6.649 7.134
p2 2.466 3.553 3.314 9.953 17.249 4.879 11.210 8.984

30 PI 1.906 2.256 1.311 4.211 3.861 2.974 3.5631 2.297
vl 1.900 2.040 1.143 4.222 1.282 2.290 3.332 2.168
v2 2.060 1.875 1.100 4.032 1.106 2.976 3.583 2.7187
pl 1.391 1.175 2.608 9.745 4.595 3.512 4.905 4.846
p2 1.892 1.986 2.576 6.283 4.846 4.664 5.640 4471

45 PI 1.288 1.621 1.057 2.884 1.729 1.479 1.849 1.641
vl 0.805 1.371 0.812 2.861 0.624 1.467 1.551 1.258
v2 1.576 0.583 0.775 1.926 0.608 1.618 1.856 1.468
pl 1.102 1.035 1.265 3.407 2.745 1.578 2.544 2.964
p2 1.140 1.295 1.932 3.241 1.897 2.352 2.178 1.627
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Table 7: Estimated values of RE through AL for U(0,1) when 9 = 0.5

m Estimator k=3 k=5
o) o) o) o) o) of3) o4 o)
15 PI 2.889 7.209 2.409 5.558 2.503 1.120 2.244 4.786
vl 1.773 1.137 1.580 3.594 4.856 4.888 1.592 1.251
v2 3.484 3.485 2.612 3.869 5.269 2.631 2.962 1.111
pl 1.029 6.332 2.181 4.321 1.961 3.698 5.878 3.747
p2 2.138 9.467 4.696 3.358 1.425 6.430 5.691 10.808
30 PI 2.792 3.420 1.728 4.167 2.483 1.603 5.294 7.161
vl 0.672 1.137 1.444 2.612 4,733 2.312 1.337 1.144
v2 3.453 3.455 1517 2.575 5.249 2916 1.924 1.095
pl 1.009 4.947 1.944 4.278 1.678 2.670 5.207 3.687
2 1.674 5.743 2.527 2.890 1.103 3.330 5.176 6.999
45 PI 1.381 1.966 1.063 2.934 1.933 1.219 3.126 5.436
vl 0.556 1.004 0.896 1.187 2.957 1.305 1.228 0.687
v2 1.900 1.899 0.998 1.163 2.261 1.755 1.445 0.996
pl 0.925 2.960 1.800 2.610 1.122 1.281 2.774 1.700
p2 1.265 2.499 1.949 1.718 1.013 1.962 2.012 3.308
Table 8: Estimated values of RE through AL for U(0,1) when9 =1
m Estimator k=3 k=5
o) o) o3 o) 9 o3 o) o)
15 PI 2.497 3.242 2.380 5.236 6.586 4.558 5.803 4.699
vl 2.312 1.462 1.525 4,182 6.644 3.501 5.294 4.622
v2 2.303 3.409 3.707 4.907 5.573 4.648 5.109 3.874
pl 2.571 4.039 6.314 10.930 12.046 5.621 7.882 7.609
p2 2.479 3.144 4.394 10.518 15.724 5.169 10.656 7.279
30 PI 1.906 2.256 1.311 4.211 3.861 2.974 3.531 2.297
vl 1.655 1.225 1.057 3.332 3.094 1.223 2.495 2.493
v2 1.222 1.364 1.243 2.782 3.087 2.035 2.392 1.636
pl 1.290 1.543 2.760 6.150 5.172 3.766 4,253 4,852
p2 1.822 2.063 2.371 7.006 6.231 4.291 5.562 4728
45 PI 1.288 1.621 1.057 2.884 1.729 1.479 1.849 1.641
vl 0.894 1.314 0.680 2.611 0.653 1.677 1.933 1.055
v2 1.074 0.754 1.009 1.697 1.987 1.064 1.515 0.467
pl 1.003 1.345 1.449 2.991 2.980 1.051 1.503 1.825
p2 1.132 1.222 1.955 4.082 2.021 1.520 1.944 2.099
Table 9: Estimated values of RE through PB for E (1) when 9 = 0.5
m Estimator k=3 k=5
o) o) ofs) ofi) o) o) os) ofs)
15 PI 7.607 5.311 4.888 6.179 6.615 7.965 6.116 6.769
vl 1.931 5.233 1.897 4.869 9.905 5.275 5.548 5.547
v2 6.186 6.876 6.023 5.263 3.772 5.284 4,856 5.466
pl 4.147 5.997 5.465 3.541 7.760 2.344 6.598 6.164
p2 4.404 6.646 5.100 5.587 8.930 4.900 10.442 | 10.819
30 PI 4,989 4.167 3.976 5.249 5.684 4118 4521 3.884
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vl 1.502 1.339 1.762 4.642 5.338 3.970 3.370 2.193
v2 4.618 4.641 4.123 2.862 3.720 3.297 3.719 2.515
pl 2.048 1.021 4.491 3.150 3.126 2.808 3.483 4.067
2 3.031 4.556 3.727 5.510 4.743 9.232 3.001 8.420

45 Pl 2.648 3.774 2.444 3.180 2.598 2.073 3.163 2.854
vl 2.135 2.003 2.567 3.745 2.931 1.840 2.033 2.539
v2 1.407 1.057 1.879 1.719 2.163 1.504 2.890 2.320
pl 1.913 1.324 1.490 2.122 2.362 2.021 3.609 3.048
p2 2.271 2.863 2.794 2.967 3.462 3.323 3.098 5.299

Table 10: Estimated values of RE through PB for E(1) whend =1
m Estimator k=3 k=5
o1 92 o) 9 93 o) 9 95

15 Pl 6.949 5.149 5.765 5.624 4.944 7.388 5.766 8.065
vl 2.931 4.932 4.539 3.582 2.388 2.815 4,937 4.265
v2 4.178 4.015 4.155 2.275 3.599 2.948 3.141 2.878
pl 4.040 7.719 6.453 7.012 3.377 6.917 7.290 8.238
p2 6.133 6.325 6.885 4.146 5.819 4.427 5.851 6.342

30 Pl 5.149 4.535 4.098 5.125 3.941 6.353 4.140 4.678
vl 2.327 2.909 2.567 1.606 2.182 2.613 3.934 1.819
v2 2.491 2.144 2.168 2.723 3.492 2.381 3.055 2.113
pl 2.600 2.520 2.598 5.075 3.256 2.994 1.734 1.764
p2 2.907 2.804 3.587 2.350 3.584 2.220 6.879 3.375

45 Pl 2.173 2.548 2.704 1.260 1.161 1.784 2.294 1.249
vl 1.870 1.777 1.897 1.258 1.835 1.863 2.482 1.119
v2 1.852 1911 1.756 1.703 2.558 1.782 2.381 1.610
pl 1.913 1.993 1.827 1.004 2.256 1.851 1.420 1.478
p2 1.828 2.046 1.992 1.727 2.283 1.799 2.999 2.085

Table 11: Estimated values of RE through AL for E (1) whend = 0.5
m Estimator k=3 k=5
d) 9y 9 9y 9y 9 Iy 9

15 PI 7.607 5.311 4.888 6.179 6.615 7.965 6.116 6.769
vl 1.450 1.495 1.568 5.055 3.762 4.525 5.052 4.526
v2 4.479 8.028 4.421 4.923 11.642 5.426 4.134 5.863
pl 5.644 2.575 4.538 5.598 7.829 10.162 | 14.054 8.085
p2 4.130 8.964 3.980 4366 | 11.592 7.996 10.162 9.042

30 Pl 4.989 4.167 3.976 5.249 5.684 4118 4521 3.884
vl 1.277 1.178 1.368 4.480 3.196 4.449 2.501 3.322
v2 4,914 4.632 4.275 2.883 3.649 9.199 2.202 4.555
pl 2.189 1.797 2.566 3.752 9.214 6.745 6.747 4.129
p2 4.759 5.282 4.479 4.929 6.054 6.725 6.240 11.055

45 Pl 2.648 3.774 2.444 3.180 2.598 2.073 3.163 2.854
vl 1.172 2.567 1.876 3.238 1.261 1.829 2.909 1.292
v2 1.035 1.240 1.544 1.205 1.468 1.043 1.502 1.454
pl 1.812 1.794 1.997 3.622 2.311 2.664 4.303 3.980
p2 3.234 3.613 2.770 4.824 2.282 2.495 5.609 3.224

ISSN: 2308-7056 Gohar, Hanif, Shahzad & Ali (2023) 584




www.irbas.academyirmbr.com April 2023

International Review of Basic and Applied Sciences Vol. 11 Issue.2

Table 12: Estimated values of RE through AL for E(1) whend =1

m Estimator k=3 k=5
o) o) o) o) o) of3) o3 o)
15 Pl 6.949 5.149 | 5765 | 5.624 4.944 7.388 5.766 8.065
vl 3.011 4641 | 4.879 | 3.619 4.208 3.209 4.265 3.290
v2 4.479 8.028 | 4.932 | 4.108 3.517 3.747 4.617 6.862
pl 7.540 6.788 | 6.337 | 8.312 5.675 7.243 5.630 8.790
p2 4.759 8.964 | 5556 | 5.190 5.147 6.496 9.530 | 10.331
30 Idi 5.149 4535 | 4.098 | 5.125 3.941 6.353 4.140 4,678
vl 2.845 2.457 2.665 | 2.042 1.245 3.696 1.155 1.888
v2 4.353 4497 | 4721 | 4527 2.972 3.509 4.002 2.946
pl 2.747 5714 | 3.044 | 5.867 4.057 7.167 2.830 5.242
p2 4.130 4630 | 4.787 | 4.437 3.982 2.186 6.623 2.148
45 Pl 2.173 2548 | 2.704 | 1.260 1.161 1.784 2.294 1.249
vl 1.983 2.294 1.839 1.554 1.165 2.320 1.039 1.380
v2 2.127 2.604 | 2.251 | 2.083 2.553 1.853 2.846 1.451
pl 1.853 3.203 | 2516 | 2.375 2.472 3.241 1.923 2.056
p2 2.242 2.985 | 2760 | 2.422 2.777 1.954 3.046 1.917

Interpretation

Table 1-12 provide details about the outcomes of RE’s. The following are a few important findings from
the numerical illustration results:

Tablel-4: In the perfect ranking arrangement, p; works better than v; and PI with both bandwidth
techniques for all sample sizes when k = 5, however when k = 3 p; performs worse than others, but not for
sample size 45.When the sample sizes m = (15,45) and k = 5, p; outperforms the others in the condition
of moderate ranking. Table5-8: p; performed superior to v; and PI when k = 5 in the ideal ranking setting
for both bandwidth approaches with different sample sizes. When k = 3, p; performs better than others in
the moderate ranking scenario with sample sizes m = (15,45).

Table 9-12: In the perfect ranking structure p; operates efficiently for both kernels with AL bandwidth for
the sample size m = (15,30) when k=5, however for the sample size m = (30,45) and k =3
epanechnikov represents our estimators accurately. With sample size m = (15,45) and k = 5, p; surpasses
its rivals for the PB bandwidth technique. When k = 5 for all sample sizes with AL bandwidth, our advised
estimator behaves efficiently as contrast to others with both kernels in a moderate ranking configuration.
But with k = 3, and the sample size m = (30,45), p; scores better with the epanechnikov kernel. Using the
PB bandwidth approach, p; functions nicely when k = 5 with the Epanechnikov kernel for the sample
size m = (15,45).

Conclusion

This article addresses the estimation of the nonparametric stratum variance in RSS. By modifying an
existing kernel CDF estimator, a new estimator was created and its consistency is demonstrated. The
findings of the numerical example clearly illustrate how much better our new variance estimator was than
the previous variance estimates, adopting both bandwidth approaches and kernel functions when perfect or
imperfect ranking holds. All estimators are enhanced by reducing the sample size.
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