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Abstract

In this paper, we consider a fractional integro differential equation (FrIDE) with continuous kernel in the
space Le[<21> <0 .T1. T = 1. p =1 The FrNIDE, after integrating and using the properties of
fractional integral will be transformed to Volterra — Fredholm integral equation of the second find (V-FIE)
with continuous kernel in position. The existence and uniqueness solution of the V-FIE will be considered,
using Banach fixed point theorem. Then, using a numerical method we have system of Volterra integral
equations (SVIESs). The existence and uniqueness solution of the SVIEs will be considered. Then, we use
the Toeplitz matrix method (TMM), as the best numerical method for solving the singular integral
equation, to obtain a linear algebraic system (LAS). These LAS can be solved numerically. Finally, some
numerical results, using maple program, will be obtained and the error estimate, in each case, is computed.

Key Words: Fractional Integro Differential Equation, Volterra-Fredholm Integral
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Introduction

The IEs have many different applications in mathematical physics, contact problems in the theory of
elasticity, and mathematical engineering. So, many analytical and numerical methods are considered and
established to solve the IEs with different kinds and different types. Therefore, many authors have
interested in solving the IES, Hamani (2010), Daftardar (2007), Furati (2005), Bai, (2008), Zhang, (2009)
and Abdou, (2003).

According to Brunner et al (1997) introduced a class of methods depending on some parameters for the
numerical solution of Abel IE of the second kind. Baker (1982), discussed some numerical method to solve
VIE. Han and Liging (1994) discussed numerically, the solution of V-FIE, in position only, by using
trapezoidal Nystrom method. Ulo and Tamma (2007) discussed the existence of a unique solution of FIE
based on the Haar wavelet. Abdou (2002) obtained, using separation variables method, the solution of the
linear F-VIE in one, two and three dimensional. Many different cases for the F-VIE of the second kind
with singular kernel linear and nonlinear are discussed and solved in Abdou, (2003), Fredholm-Volterra
(2003), Nasr. (2003), Abdou, (2003) and Deebs, (2005).

For the convenience of the reader, we state the necessary definitions and properties from fractional calculus
theory.
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Definition (1): The Riemann --Liouville fractional integral of order a > 0, of the function

f:(0,0)—>0 is given by | 'f ('[):%jt (t —s)*'f (s)ds.
a) Y0

Provided that the R.H.S is point wise definition (0,0 ).

Definition (2): The Caputo derivatives of order & > 0 of a continuous function f : (0,00 ) —[] is
1 t £ ™M(s)ds
givenby D f (t) = I ( )_M, n<a<n+l.
'n—a)t-s)”

Here, in this work we consider the initial value FriDE

p o“P(x,t)

T =g (x,t)+A[k (¢, y)By )y, (¢ (x0)=y (x), 0<a<l) @)

Where g (X ,t) is continuous function inL  [Q2] X C[0,T ],T <1 and ¢(x,t)is unknown function,

Q is the domain of integration, p is a constant defines the kind of (1) and A is a constant, may be complex,
and has physical meaning. The kernel F (X, Yy ) is continuous.

Then, by using the basic formula of Caputo fractional integral we obtain the V —FIE,
ﬂ/ t
1) =F (x 1) +——[ [t =5)"F (x,y)g(y,s)dyds, (u#0) @
['(a) 5

f (x,t)=$j(t —s)“ g (x,s)ds +w(X).

In Eq. (2), we deduce that: the FI term is considered in position in the space Lp [Q],p>1 with
continuous kernel K (X, Yy ), while the VI term is considered in time in the space C[O,T ], T <1 with
discontinuous kernel (t —s)**;0<a <1.

In order to guarantee the existence and uniqueness of solution of Eq. (2), we assume the following
conditions:

1
a .

(i) The kernel of position satisfies {J‘{“k X,y )|P dx }° dy } —c" (p >1,c isa constant)

Q Q

(ii)The kernel (t —s)*" Wt,z[0,T],T <1, satisfies for every continuous function h (z) |

7, t
0<7,<7,<t; that theintegrals [ (t—s)*"h (r)dz, [(t—s)"*h (r)d<
0

5
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t

j t-s)**h (f)dr

0

are continuous functions of time i.e. <M: M >0.

(iii)The given function g (X,t) with its partial derivatives with respect to position X and time t are
continuous in the space L_(€2)xC [0,T ] , and its norm is defined as

1
|| g(X ’t) Lp (@)C[oT] = rllg E{UQ(X,T)F dx}p dZ'

=G  (Gisaconstant)

(iv) The unknown function ¢(X ,t) satisfies Lipschtiz condition for the first argument and Holder
condition for the second argument.

Theorem 1. ( Banach fixed Point Theorem without proof): Let K be a contraction operator on Banach
space B then, the integral equation K ¢ =¢ has a unique solution ¢in B, where the kernel H (t, t;
x,y) = (t—7)*" K(X,y) satisfies the discontinuity condition in the space L (€)xC[0,T ],
t,z7€[0,T ],T <1. and Q is the domain of integration.

Theorem 2. The IE (1) or (2), with the aid of conditions (i) - (iv), has a unique solution in the space
L,(©)=C[0,T] under the condition |6|Mc™ <T(a) |4

In the reminder part of the work, the Banach fixed point theorem, under certain conditions, will be used to
obtain the existence and uniqueness solution of FriDE of Eq. (1) or its equivalent formula V-FIE of Eq.
(2). Then, using a quadratic numerical method for position, we have SVIE with Abel’s kernel. Moreover,
we use TMM to obtain LAS. Finally, numerical results are considered and the error estimate, in each case,
is computed

System of Integral Equations in Time:

In this section, a numerical method is used, in the V-HIE of ( 2 ) to obtain NAS of integral equations in
time. For this aim we write the domain Q2 as [0, 1], then divide it as:
0=X,<X;<..<X, <...<Xy =1 where, X =X,,k =0,1,2...,N.

Hence, the integral term of Eq. ( 2 ) becomes
t

[ Je=0 Flxoy)ply dy dz =3 u;F(x,y,) [ =09y ;. 7)d

©)
+O(h‘k”l),(hk —0,p >0)
where 7 :(Qegfhj vy =X, -X;, U, :%hk ,u; =h; (j #0,k). The values of U; 's and

p; p = k are depending on the number of derivatives of F(X,Yy) with respect to position, see
Golberg (1979) and Atkinson, (1976).

Using (7) in (2), and neglectingO (hf(”l), we have
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up ) =F, )+ uFy [t-2)" ¢ (0) dr. @
i=0 0

Here, we used the following notations:
Pt x)=a ), f t,x,)=F (), F(Xk’xj):ij '¢(t’xj):¢j ),
The formula (4) represents SVIESs in time, and its solution depends on the given functionfk (t), and the
kernel (t —7)*".
The existence and uniqueness of solution of the SVIEs (4) can easily be proved.

The Toeplitz Matrix Method Ismail, (2003) and EI-Kojok, (2009)

Here, we will discuss the solution of Eq. (4) numerically, using the principal of the TMM. For this, write
Eq. (4) in the form

i N
b =AY, D FDWg =f, -N <m<N, ©)
j=0 n=-N
where
A @), n=—N
DOa)=1A8 @) +B ) @), —N <n <N
B, ), Nn=N (t =mh),
and
An<1>(t)=h(1j)[(a+h)I(t)—J(t)], B,E"’(t)=%[J(t)—a'(t)]

a+h a+h

I(t) = j t—-2)**dz, J@t)= j t—-2)""zdz, (a=jh).

The error term R ) can be determined from the following formula

nh+h
RW=max| [ *(t-z)"dr-AP(t)(nh)" -BIt)(nh+h)’[=0(h°) (@)
J

nh

Numerical Examples and Conclusion:
t1

Example (1): p(x 1) - A[ [ y*(t =2)"ply o)dydr=f (x.t), (x.t)=xt’
00

Using Maple 12, we obtain the following numerical results for different values of time t and
N =40, «a=0.6.
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Table (1)

Pe

&

E.

t=0.01

0.01000000000

0.010008815135

8.8151351x10°

0.01100199473

0.011011693141

9.6984075x10°

0.01412684087

0.014139293874

1.2453001x10°

0.01924196537

0.019258927422

1.6962052x10°

0.02470717260

0.024728952307

2.1779706x10”°

t=0.1

0.04000000000

0.040069433291

6.9433290x10°

0.04400797894

0.044084369406

7.6390470x107°

0.05650736349

0.056605450796

9.8087305x10°

0.07696786148

0.077101464774

1.3360330x10™

0.09882869040

0.099000240433

1.7155003x10™

t=0.4

0.09000000000

0.090197978690

1.9797869x10™

0.09901795261

0.099235768655

2.1781605x10™

0.12714156785

0.127421249198

2.7968134x10*

0.17317768832

0.173558638231

3.8094991x10™

0.22236455341

0.222853702774

4.8914937x10*

t=0.8

0.49000000000

0.488091707686

1.9082923x10°°

0.53909774196

0.536998239764

2.0995022x10°

0.69221520276

0.689519388574

2.6958142x10°

0.94285630386

0.939184373624

3.6719295x10°

0.12106514575

1.20593660669

4.7148508x10°
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Table (2)

Pe

&

E,

t=0.01

0.010000000000

0.010009357199

9.3571994x10°

0.010306129163

0.010315772813

9.6436506x10°

0.011240944503

0.011251462879

1.0518376x10°

0.012840254167

0.012852269049

1.2014882x10°

0.015116109118

0.015130253563

1.4144445x10°

t=0.1

0.040000000000

0.040079245943

7.9245943x10°

0.041224516651

0.041306188544

8.1671893x10°

0.044963778011

0.045052857936

8.9079925x10°

0.051361016668

0.051462770473

1.0175381x10™

0.060464436471

0.060584225504

1.1978903x10™

t=0.4

0.090000000000

0.090261312446

2.6131245x10™

0.092755162465

0.093024474447

2.6931198x10*

0.101168500525

0.101462240396

2.9373987x10*

0.115562287502

0.115897819325

3.3553182x10*

0.136044982061

0.136439984806

3.9500275x10™

t=0.8

0.160000000000

0.160591577021

5.9157702x10*

0.1648980666042

0.165507753523

6.0968692x10*

0.179855112045

0.180520100491

6.6498845x10

0.205444066670

0.206203666601

7.5959993x107*

0.241857745886

0.242751980166

8.9423428x10*
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Example (3): p(x ,t) _”x Yt -1)o(y,o)dydr =f (x t); p(x t) =xt?

Using Maple 12, we obtain the following numerical results for different values of time and
N =60,a=0.4.

Conclusion
From the above results we can establish the following:

1. The fractional integro differential equation in time leads to a mixed integral equation in position and time
with Abel’s kernel in time.

2. Using a quadratic numerical method for position, the mixed integral equation leads to a linear system of
Volterra integral equations with Abel’s kernel in time.

3. The toeplitz matrix method is considered as the best method for solving the singular integral equation,
where the discontinuous kernel disappears and we have directly the result of integrations.

4. From the above numerical results we deduce that:

a) As the values of & increase the error is also, increases.

b) As the values of time increase the error is also, increases.

¢) As the values of N increase the error is also, increases.
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